THE REIDEMEISTER ZETA FUNCTION FOR ALMOST 
BIEBERBACH GROUPS 



ALEXANDER FEL'SHTYN AND JONG BUM LEE 

Abstract. We show that Reidemeister zeta function is a rational func- 
tion for almost Bieberbach groups, when the corresponding Nielsen num- 
ber equals to the absolute value of the Lefschetz number. Using this 
result we are able to write the functional equation for the Reidemeister 
zeta function and find a connection between the Reidemeister zeta func- 
tion and the Reidemeister torsion of the corresponding mapping torus. 



0. Introduction 

We assume everywhere X to be a connected, compact polyhedron and 
/ : X — > X to be a continuous map. Let p : X — » X be the universal cover 
of X and / : X — > X a lifting of /, i.e., p o / = / o p. Two liftings / and /' 
are called conjugate if there is a 7 6 T = 7Ti(X) such that /' = 7 o / o 7~ 1 . 
The subset p(Fix(/)) C Fix(/) is called the fixed point class of / determined 
by the lifting class [/]. A fixed point class is called essential if its index is 
nonzero. The number of lifting classes of / (and hence the number of fixed 
point classes, empty or not) is called the Reidemeister number of /, denoted 
by R(f). This is a positive integer or infinity. The number of essential fixed 
point classes is called the Nielsen number of /, denoted by N(f) |19j . 

The Nielsen number is always finite. R{f) and N(f) are homotopy invari- 
ants. In the category of compact, connected polyhedra the Nielsen number 
of a map is, apart from in certain exceptional cases, equal to the least num- 
ber of fixed points of maps with the same homotopy type as /. 

Let G be a group and (ft : G — > G an endomorphism. Two elements 
a, a 1 € G are said to be ^-conjugate if and only if there exists 7 € G 
such that a 1 = 7ac/>(7) _1 . The number of 0-conjugacy classes is called the 
Reidemeister number of <f>, denoted by R((ft). 

Taking a dynamical point of view, we consider the iterates of / and (j>, 
and we may define several zeta functions connected with the Nielsen fixed 
point theory following [6J [30j El [8] ) . We assume throughout this article 
that R(f n ) < 00 and R((f) n ) < 00 for all n > 0. The Reidemeister zeta 
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functions of / and 4> and the Nielsen zeta function of / are defined as power 
series: 

oo 




NAz) 



Rf(z) and Nf(z) are homotopy invariants. The function Nf(z) has a positive 
radius of convergence which has a sharp estimate in terms of the topological 
entropy of the map / [30J. The above zeta functions are directly analogous 
to the Lefschetz zeta function 



L f (z) := exp ^ 



L(f n ) 



\n=l 



n 



where 



(1) 



dimX 



fc=0 



is the Lefschetz number of the iterate f n of /. The Lefschetz zeta function 
is a rational function of z and is given by the formula: 



dimX 



L f (z) = ' [ det{l-U.z) 



(-1) 



fc+i 



fc=0 



A. Weil [33] introduced the function Lf(z) in his study of the fixed points 
of the Frobenius map of an algebraic variety defined over a finite field. In 
the theory of discrete dynamical systems Lf(z) was defined by Smale [32J 
and in the singularity theory by Milnor |28j. 

The following problem was investigated: for which spaces and maps and 
for which groups and homomorphisms are the Nielsen and Reidemeister zeta 
functions rational functions? Are these functions algebraic functions? 

The knowledge that a zeta function is rational is important because it 
shows that the infinite sequence of coefficients of the corresponding power 
series is closely interconnected, and is given by the finite set of zeros and 
poles of the zeta function. 

In [8j [TOj El ESJ E], the rationality of the Reidemeister zeta function 
was proven in the following cases: the group is finitely generated and an 
endomorphism is eventually commutative; the group is finite; the group is 
a direct sum of a finite group and a finitely generated free Abelian group; 
the group is finitely generated, nilpotent and torsion free. 



THE REIDEMEISTER ZETA FUNCTION 



3 



In [34^ Theorem 4] the rationality of the Reidemeister and Nielsen zeta 
function was proven for infra-nilmanifold under some (rather technical) suf- 
ficient conditions. 

It is also known that the Reidemeister numbers of the iterates of an auto- 
morphism of almost Bieberbach group satisfy remarkable Gauss congruences 

pang. 

In this paper we investigate the Reidemeister zeta functiom for almost 
Bieberbach groups. The main result (Theorem II .6p of this paper is that the 
Reidemeister zeta function of any endomorphism of any almost Bieberbach 
group is a rational function under the additional condition that N(f) = 
\L(f)\. Using this result we are able to write the functional equation for 
the Reidemeister zeta function (Theorem I2.2p and to find a connection be- 
tween the Reidemeister zeta function and the Reidemeister torsion of the 
corresponding mapping torus (Theorem I3.2() . 

During the preparation of this paper, the authors became aware of the 
paper [2] by Karel Dekimpe and Gert-Jan Dugardein, on the same subject. 
Theorem 11.61 of the present paper is also proven in [2l Theorem 4.4]. 

The paper [2] claims that the Nielsen zeta function of any map on any 
infra-nilmanifold is a rational function. 

1. The Reidemeister zeta function for almost Bieberbach 

groups 

In this section we consider almost Bieberbach groups tt C G X Aut(G), 
where G is a connected, simply connected nilpotent Lie group, and infra- 
nilmanifolds ir\G. It is known that these are exactly the class of almost 
flat Riemannian manifolds. It is L. Auslander's result (see, for example, 
|24j ) that r := tt D G is a lattice of G, and is the unique maximal normal 
nilpotent subgroup of tt. The group = tt/T is the holonomy group of tt or 
infra-nilmanifold tt\G. It sits naturally in Aut(G). 

Let M = tt\G. Any continuous map / : M — >• M induces a homomor- 
phism <j) : tt — > tt. Due to |23l Theorem 1.1], we can choose an affine element 
(d, D)eGx Endo(G) such that 

(2) <f)(a) o (d, D) = (d, D) o a, Va € tt. 

This implies that the affine map (d, D) : G — > G induces a continuous map 
on the infra-nilmanifold M = tt\G. 

Let A € <&. Then we can choose g £ G so that a = (g, A) £ tt. Write 
4>(a) = {g',A'). By we have (g' , A')(d, D) = (d,D)(g,A) => A'D = DA. 
Thus <j) induces a function <fi : $ — > $ given by <fi(A) = A' so that it satisfies 
that 

<j>(A)D = DA 

for all A G 

By |22} Lemma 3.1], we can choose a fully invariant subgroup A C T of tt 
which is of finite index. Therefore </>(A) C A and so 4> induces the following 
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commutative diagram 
1 — 



-)• A 



-> 1 



1 



->• A 



-> 1 



where ^ 



7r/A. Applying (j2J) for A € A C 7r, we see that 

<p(X) = dD(\)d~ 1 = (T d D)(X) 

where is the conjugation by d. The homomorphism (f)' : A — > A induces 
a unique Lie group homomorphism i 7 = t^D : G —> G, and hence a Lie 
algebra homomorphism F* : <3 — > &. On the other hand, since 4>(A) C A, 
/ has a lift / : N — > N on the nilmanifold N := A\G which finitely and 
regularly covers M and has \& as the group of covering transformations. 

Theorem 1.1 ( [TTJ Theorem 4.2]). We have 
> RU{co} is defined by er(0) 



where a : 



1 oe* 

oo and a{x) 



\x\ for all i/O. 



Furthermore, we can rewrite this averaging formula in terms of the holo- 
nomy group of the infra-nilmanifold. 

Theorem 1.2 (|221 Theorem 3.4], [HI Theorem 6.11]). We have 



£(/) 



1*1 
1 



Ae* 

E 

Ae$ 



det ^4* 
det (A* — F*) 
1 



Ae* 



1$ 



^ | det (/ - A*F*)j, 



Ae$ 



= R(<f>) = -^a (det(A* - F*)) . 



Ae<J> 



In the above theorem, instead of F* = (t^D)* = Ad(c£).D* we may use D* 
because 

det (J - A*F*) = det^I^J - A*Ad(d)D*)A*) 

= det(/ - Ad(d)D*A*) = det (I - £>*A*) 
= det(A* (/ - A.AJAr 1 ) = det (J - A+D m ). 

1.1. Topological entropy and radius of convergence of the Reide- 
meister zeta function. The most widely used measure for the complexity 
of a dynamical system is the topological entropy. For the convenience of 
the reader, we include its definition. Let / : X — > X be a self-map of a 
compact metric space. For given e > and n £ N, a subset E C X is said 
to be (n, e)-separated under / if for each pair x ^ y m. E there is < i < n 
such that d(f 1 (x),f l (y)) > e. Let s n (e, /) denote the largest cardinality of 
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any (re, e)-separated subset E under /. Thus s n (e, /) is the greatest number 
of orbit segments x, f(x), • • • , f n ~ 1 (x) of length n that can be distinguished 
one from another provided we can only distinguish between points of X that 
are at least e apart. Now let 



The number < h(f) < oo, which to be independent of the metric d used, 
is called the topological entropy of /. If h(f, e) > then, up to resolution 
e > 0, the number s n (e, f) of distinguishable orbit segments of length n 
grows exponentially with n. So h(f) measures the growth rate in n of the 
number of orbit segments of length n with arbitrarily fine resolution. 

A basic relation between the topological entropy h(f) and the Nielsen 
numbers N(f n ) was found by N. Ivanov |18j . We present here a very short 
proof by Boju Jiang of the Ivanov's inequality. 

Lemma 1.3 (|18j). Let f be a continuous map of a compact connected 
polyhedron X into itself. Then 



Proof. Let 5 be such that every loop in X of diameter < 25 is contractible. 
Let e > be a smaller number such that d(f(x),f(y)) < 5 whenever 
d(x, y) < 2e. Let E n C X be a set consisting of one point from each essential 
fixed point class of f n . Thus \E n \ = N(f n ). By the definition of h(f), it 
suffices to show that E n is (n, e)-separated. Suppose it is not so. Then there 
would be two points x ^ y € E n such that d(f l (x), f % {y)) < e for o < i < n 
hence for all i > 0. Pick a path q from f l {x) to f l {y) of diameter < 2e for 
o < i < n and let c n = cq. By the choice of 5 and e , / o a ~ Cj+i for all i, 
so f n o co ^ c n = Co- This means x,y in the same fixed point class of f n , 
contradicting the construction of E n . □ 

This inequality is remarkable in that it does not require smoothness of 
the map and provides a common lower bound for the topological entropy of 
all maps in a homotopy class. 

Recall that we are assuming that R(f n ) = R(4> n ) is finite for all n. By 
[TT1 Theorem 4.1], it is equivalent to saying that det(A* — i 7 ™) ^ for all 
A e $ and all n, and hence a (det(A* - F™)) = \ det(A* - Thus 



h(f, e) := lim sup - • log s n (e, /) 



h(f) := limsup/i(/,e). 



h(f) > lim sup - -logN{f n ) 



i?(D = J R(^) = ^^ C T(det(A 



*?)) 



Ae<s> 




F?)\ = N(f n ). 
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We denote by R the radius of convergence of the Reidemeister zeta func- 
tion Rf{z) = R^(z). Let h = inih{g) over all maps g which are nomotopic 
to/. 

Theorem 1.4. Let f be a continuous map f of an infra-nilmanifold M into 
itself. The Reidemeister zeta function Rf{z) = R<f,{z) has positive radius of 
convergence R which admits following estimation 

R > exp(-h) > 0, 

where h = inf h(g) over all maps g which are homotopic to f. 

Proof. The inequality R > exp(-h) follows from the equality R(f n ) = 
R(4> n ) = N(f n ) for all n, Lemma 11.31 the Cauchy-Hadamard formula, and 
the homotopy invariance of the radius R of the Reidemeister zeta function 
Rf(z). We consider a smooth map g : M — > M which is homotopic to /. 
As is known [31] , the entropy h(g) is finite. Thus exp(— h) > exp(—h(g)) > 
0. □ 

1.2. Rationality of Reidemeister zeta function. 

Lemma 1.5. For an almost Bieberbach group with the holonomy group <&, 
the Reidemeister zeta function is 



Rd>(z) 

Proof. We have 

N f (z) = R^z) 



n 1 

AG* 



exp 



E 

\n=l 



det(A - F?) 



n 



exp 



exp 




□ 



Theorem 1.6. Let f : M —¥ M be a continuous map of an infra-nilmanifold 
M. Assume N(f) = \L(f)\. Then the Reidemeister zeta function Rf(z) = 
Ra>{z) is a rational function and is equal to 

R f {z) = R+{z) = N f (z) = L f {(-ifz)W 

where p is the number of real eigenvalues of F* in the region (— oo, — 1) and 
r is the number of real eigenvalues of F* whose absolute value is greater that 
1. 
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Proof. We are assuming that R(f n ) = R{(f> n ) is finite for all n. By [17} 
Theorem 4.1], it is equivalent to saying that det(A* — F£) ^ for all A £ $ 
and all n. Thus R(f n ) = R((j) n ) = N(f n ) for all n. 

By Theorem 8.2.2 [29], page 127, N(f) = \L(f)\ implies N(f n ) = \L(f n )\ 
for all n. Let e n be the sign of det(I — F"). As before, let p be the number 
of real eigenvalues of F* which are less than — 1 and r be the number of real 
eigenvalues of F* of modulus > 1. Then e n = (— l) r +f n . By Theorem II .2[ 
we have that ei det(/ — A*F*) > for all A £ 3>. In particular, we have 



Hence we have N(f n ) = e n L(f n ) = (-l) r +f n L(/ n ). Consequently, 



Remark 1.7. Anosov pQ proved that A^/) = for all continuous 

maps / : M — > M if M is a nilmanifold but he also observed that there is a 
continuous map / : K — > K of the Klein bottle K (which is a flat manifold 
having Z2 as holonomy group) such that N(f) 7^ \L(f)\. Since then, many 
generalizations have been obtained. For instance, first the Anosov relation 
N(f) = \L(f)\ holds for some classes of maps on infra-nilmanifolds: 

• the class of homotopically periodic maps |21j . 

• the class of virtually unipotent maps [26], 

• the class of nowhere expanding maps [1]. 

Secondly the Anosov relation N(f) = \L(f)\ holds for all maps on some 
classes of infra-nilmanifolds: 

• the class of nilmanifolds [T] , 

• the class of orientable generalized Hantzsche-Wendt manifolds [3] , 

• the class of infra-nilmanifolds with holonomy group of odd order [1] , 

• the class of infra-nilmanifolds with a 2-perfect holonomy group [5]. 

Therefore, for those classes of maps on any infra-nilmanifold or for those 
classes of infra-nilmanifolds, the Nielsen zeta functions and the Reidemeister 
zeta functions are rational. 



det(J - A*F*) det(I - B*F*) > for all A, B G $. 
Choose arbitrary n > 0. By |29| Lemma 8.2.1], 

det(/ - A*F?) det(/ - F?) > for all iG$. 




Lf((-ifz)^ r 



is a rational function. 



□ 
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1.3. Asymptotic Nielsen number. The growth rate of a sequence a n of 
complex numbers is defined by 



Growth(a n ) := max < 1, limsup \a 



il/n 

We define the asymptotic Nielsen number [18] and the asymptotic Rei- 
demeister number to be the growth rate N°°(f) := Growth(A r (/ n )) and 
R°°(f) '■= Growth(i?(/ n )), when all R{f n ) are finite, correspondingly. These 
asymptotic numbers are homotopy type invariants. We denote by sp(A) the 
spectral radius of the matrix or the operator A, sp(A) = lim n , ^/||yl n ||| 
which coincide with the largest modulus of an eigenvalue of A. We denote 
by A F* := ©flo A ^* a linear operator induced in the exterior algebra 
A* M m := 0^ o A^ m of & considered as the linear space R m . 

Lemma 1.8. |27] For a continuous map f of a nilmanifold, 

N°°(f)=s V (f\F*) 
provided that 1 is not in the spectrum of /\F* and sp(i ? *) > 1. 

Proof. Let {Ai, • • • , A m } be the eigenvalues of F*, counted with multiplici- 
ties. First we note from definition that 

n|A,-|>il A il whensp(F*)>l 
sp(F*) when sp(F*) < 1. 

Since N(f n ) = | det(/ - F?)\ = UT=i |1 - A™|, we have 



sp 



1 m 

log lim sup A^f 1 ) 1 /™ = limsup - V log |1 - X]\ 

n— ¥oo n— too Tl . 

m ^ 

= N lim sup — log 1 1 — A™ I . 



n— >oo Tl 



If |A| < 1 and A ^ 1 then limsup n ± log |l-A n | = 0. For, log |l-A n | < log 2. 
If |A| > 1 then using L'Hopital's rule, we have lim n _ s . 00 ^ log |1 — A n | = log |A|. 
Hence 



N°°(f) = max 1, limsup N(f 



n\l/n 



max 



i, n w = n w=sp(A^)- □ 

|A|>1 I |A|>1 



By the Cauchy-Hadamard formula this result gives immediately algebraic 
formula for the radius of convergence of the Reidemeister and the Nielsen 
zeta functions. 

Using Theorem 11.21 we hope to obtain the same result for all maps on 
infr a-nilmanifolds . 
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2. Functional equation for Reidemeister zeta function 

2.1. Functional equation for Lefschetz zeta function. 

Lemma 2.1 (Functional equation for the Lefschetz zeta function, |14t Propo- 
sition 8]). Let M be a closed orientable manifold and let f : M — >• M be a 
continuous map of degree d. Then 



where m = dimM, a = ±1 and e € C is a non-zero constant such that if 
\d\ = 1 then e = ±1. 

Proof. In the Lefschetz zeta function formula (pQ), we may replace /* by 
/* : H*(M; Q) -> H*(M;Q). Let (3 k = dimF fc (M;Q) be the fcth Betti 
number of M. Let A^,- be the (complex and distinct) eigenvalues of : 
Hk(M; Q) -> H k (M; Q) 

Via the natural non-singular pairing in the cohomology H k (M;Q) ® 
H m ~ k (M;Q) — > Q, the operators and are adjoint to each other. 

Hence since A^j is an eigenvalue of /£, /igj = d/X k j is an eigenvalue of 
/^_fe = //■ Furthermore, f3 k = f3 m _ k = f3 e . 

Consequently, we have 





k=0j=l 





m 0k 




A;=0 j=l 



L / (az)(" 1 ) m e (-a^)(" 1 ) m ^ M ). 



Here 



e = 




□ 



fc=0j'=l 



fc=0 
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2.2. Functional equation for Reidemeister zeta function. Recall that 
we are assuming that R(f n ) is finite for all n. Thus R(f n ) = R(<t> n ) = N(f n ) 
for all n. Therefore, the Reidemeister zeta function Rf(z) coincides with the 
Nielsen zeta function Nf(z). 

Theorem 2.2. Let f : M — > M be a continuous map of an orientable 
infra- nilmanif old M. Assume that N(f) = \L(f)\. The Reidemeister zeta 
function Rf{z) has the following functional equation: 

Rj (±-\ = (R f ( z ))(-ir) e{adz) (-irx(M)^ 

where d is a degree f,m = dimM, e is a constant in C x , a = (— l) p , p 
is the number of real eigenvalues of F* in the region (— oo, —1) and r is the 
number of real eigenvalues of whose absolute value is greater that 1. // 
\d\ = 1 then e = ±1. 

Proof. Prom Theorem 11.61 it follows that Rf(z) = Lf(oz)(~ l ^ r . Now by 
Lemma |2. 11 we have 

*(=)-*(=r 

= {e(-adz)^ m ^L f (az)^ m ) { ^ 

= R f (z)^ m e ^y(-adz)^ m+r ^ M \ □ 

3. The Reidemeister zeta Function and the Reidemeister 
Torsion of the Mapping Torus 

Like the Euler characteristic, the Reidemeister torsion is algebraically 
defined. 

Roughly speaking, the Euler characteristic is a graded version of the di- 
mension, extending the dimension from a single vector space to a complex of 
vector spaces. In a similar way, the Reidemeister torsion is a graded version 
of the absolute value of the determinant of an isomorphism of vector spaces. 

Let d % : C % — > C %+1 be a cochain complex C* of finite dimensional vector 
spaces over C with C l = for i < and large i. If the cohomology H l = 
for all i we say that C* is acyclic. If one is given positive densities Aj on C l 
then the Reidemeister torsion r(C*,Aj) £ (0, oo) for acyclic C* is defined 
as follows: 

Definition 3.1. Consider a chain contraction 5 l : C % —¥ C l_1 for acyclic C* 
, i.e. a linear map such that d o 6 + 5 o d = id. Then d + 5 determines a 
map (d + S)+ : C + := ®C 2i -> C~ := ©C7 2i+1 and a map (d + 5)_ : C~ -> 
C + . Since the map (d + 5) 2 = id + <5 2 is unipotent, (d + 5)+ must be an 
isomorphism. One defines t(C*, Aj) := | det(d + S) + \. 

Reidemeister torsion is defined in the following geometric setting. Suppose 
K is a finite complex and E is a flat, finite dimensional, complex vector 



THE REIDEMEISTER ZETA FUNCTION 



11 



bundle with base K. We recall that a flat vector bundle over K is essentially 
the same thing as a representation of tt\{K) when K is connected. If p € K 
is a base point then one may move the fibre at p in a locally constant way 
around a loop in K. This defines an action of ~k\(K) on the fibre E p of E 
above p. We call this action the holonomy representation p : ir — > GL(E P ). 

Conversely, given a representation p : ir — > GL(V) of ir on a finite di- 
mensional complex vector space V, one may define a bundle E = E p = 
(K x V)/ir. Here K is the universal cover of K, and ir acts on if by cov- 
ering transformations and on V by p. The holonomy of E p is /), so the two 
constructions give an equivalence of flat bundles and representations of ir. 

If K is not connected then it is simpler to work with flat bundles. One 
then defines the holonomy as a representation of the direct sum of tv\ of 
the components of K. In this way, the equivalence of flat bundles and 
representations is recovered. 

Suppose now that one has on each fibre of E a positive density which is lo- 
cally constant on K. In terms of pe this assumption just means | det pe\ = 1- 
Let V denote the fibre of E. Then the cochain complex C l {K; E) with coef- 
ficients in E can be identified with the direct sum of copies of V associated 
to each i-cell a of K. The identification is achieved by choosing a basepoint 
in each component of K and a basepoint from each i-cell. By choosing a 
flat density on E we obtain a preferred density Aj on C l (K,E). A case of 
particular interest is when E is an acyclic bundle, meaning that the twisted 
cohomology of E is zero (H l (K;E) =0). In this case one defines the R- 
torsion of (K, E) to be t(K;E) = t(C*(K; E), A<) € (0,oo). It does not 
depend on the choice of flat density on E. 

The Reidemeister torsion of an acyclic bundle E on K has many nice 
properties. Suppose that A and B are subcomplexes of K. Then we have a 
multiplicative law: 

(3) t(A UB;E)- t{A nB;E)= t(A; E) ■ t{B; E) 

that is interpreted as follows. If three of the bundles E\A U B, E\A n 
B, E\A, E\B are acyclic then so is the fourth and the equation (J3]) holds. 

Another property is the simple homotopy invariance of the Reidemeister 
torsion. Suppose K' is a subcomplex of K obtained by an elementary col- 
lapse of an n-cell a in K. This means that K = K' U a U a 1 where a 1 is 
an (n — 1) cell of K so set up that da' = a' fl K' and a' C da, i.e. a' is 
a free face of a. So one can push a' through a into K' giving a homotopy 
equivalence . Then 

(4) t(K;E)=t(K';E) 

By iterating a sequence of elementary collapses and their inverses, one ob- 
tains a homotopy equivalence of complexes that is called simple . Plainly 
one has, by iterating ([4]) , that the Reidemeister torsion is a simply homo- 
topy invariant. In particular r is invariant under subdivision. This implies 
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that for a smooth manifold, one can unambiguously define t(K\ E) to be 
the torsion of any smooth triangulation of K. 

In the case K = S 1 is a circle, let A be the holonomy of a generator of the 
fundamental group 7Ti(5 1 ). One has that E is acyclic if and only if / — A is 
invertible and then 

(5) t{S\E) =| det(J-A) | 

Note that the choice of generator is irrelevant as I — A~ l = (— A~ l )(I — A) 
and | det(-A- 1 )| = 1. 

These three properties of the Reidemeister torsion are the analogues of 
the properties of Euler characteristic (cardinality law, homotopy invariance 
and normalization on a point), but there are differences. Since a point has 
no acyclic representations (H° ^ 0) one cannot normalize r on a point as we 
do for the Euler characteristic, and so one must use S 1 instead. The multi- 
plicative cardinality law for the Reidemeister torsion can be made additive 
just by using log r , so the difference here is inessential. More important 
for some purposes is that the Reidemeister torsion is not an invariant under 
a general homotopy equivalence: as mentioned earlier this is in fact why it 
was first invented. 

It might be expected that the Reidemeister torsion counts something geo- 
metric (like the Euler characteristic). D. Fried [15] showed that it counts the 
periodic orbits of a flow and the periodic points of a map. We will show that 
the Reidemeister torsion counts the periodic point classes of a map (fixed 
point classes of the iterations of the map). 

Some further properties of r describe its behavior under bundles. Let 
p : X — > B be a simplicial bundle with fiber F where F,B,X are finite 
complexes and p~ l sends subcomplexes of B to subcomplexes of X . over 
the circle S . We assume here that E is a flat, complex vector bundle 
over B . We form its pullback p*E over X. Note that the vector spaces 
H l (p -1 (b) , C) with b € B form a flat vector bundle over B, which we denote 
H l F. The integral lattice in R) determines a flat density by the 

condition that the covolume of the lattice is 1. We suppose that the bundle 
E®H l F is acyclic for all i. Under these conditions D. Fried [15] has shown 
that the bundle p*E is acyclic, and 

(6) T(X;p*E)=l[T(B;E®H i F)(- 1 Y. 

i 

the opposite extreme is when one has a bundle EonI for which the re- 
striction E\F is acyclic. Then, for B connected, 

(7) t(X;E) =t(F;E\F) x ^ 

Suppose in ([7|) that F = S , i.e., X is a circle bundle. Then (|7|) can be 
regarded as saying that 

log r(X;E)= X (B)- log r{F;E\F) 
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is counting the circle fibers in X in the way that x counts points in B, with 
a weighting factor of log t(F; E\F). 

Let / : K — > K be a homeomorphism of a compact polyhedron K. Let 
Tj := (K x /)/(&, 0) ~ (/(&),!) be the mapping torus of /. 

We shall consider the bundle p :Tt — > S 1 over the circle S . We assume 
here that E 1 is a flat, complex vector bundle with finite dimensional fibre 
and base S . We form its pullback p*E over TV. Note that the vector 
spaces H l (p~ l (b),<£) with b £ S 1 form a flat vector bundle over S l , which 
we denote by H % K. The integral lattice in iP(p _1 (&),IR) determines a flat 
density by the condition that the covolume of the lattice is 1. We suppose 
that the bundle E ® H l K is acyclic for all i. Under these conditions from 
([6]) it follows that the bundle p*E is acyclic, and we have 

(8) r{T f -p*E) = \{T(S 1 ;E®H i K)(- l Y . 

i 

Let g be the preferred generator of the group 7Ti(5 1 ) and let A = p(g) where 
p : 7Ti(5' 1 ) — > GL{V). Then the holonomy around g of the bundle E ® H l K 
is A® (f*)\ It follows from © and © that 

(9) r(T f ;p*E) = J] | det(J -A® (/*)*) l^ 1 ) 1 . 

i 

We now consider the special case in which E is one-dimensional, so A is just 
a complex scalar A of modulus one. Then in terms of the rational function 
Lf(z) we have : 

(10) T(T f ;p*E) = H | det(J - A(/*)*) l^ 1 ) =| L f (X) I" 1 

i 

Theorem 3.2. Let f : M — > M be a homeomorphism of an infra-nilmanifold 
M. Assume that N(f) = \L(f)\. Then 

r(T f ;p*E) =| L f (X) \^ = \ N f (aX) \(~V r+1 =\ R f (a\) | ( " 1)r+1 

where a = (— l) p , p is the number of real eigenvalues of F* in the region 
(— oo, —1) and r is the number of real eigenvalues of F* whose absolute value 
is greater that 1. 

Proof. From Theorem [TB] it follows that N f (z) = R f (z) = {L f (az))^ r . 
The theorem then follows from formula ()10p . □ 



4. Examples 

In this section we find some examples in which the Anosov relation does 
not hold, but the Reidemeister zeta function is a rational function or a root 
from rational function. 
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Example 4.1. This is an example used by Anosov to show that the Anosov 
relation does not hold when the manifold is not a nilmanifold pQ. 
Let a = (a, A) and ij = (e^,^) be elements of R 2 x Aut(R 2 ), where 





"l" 




1 


0" 




T 




0" 


a = 


2 







-1 


> ei = 





, e 2 = 


1 



Then ^4 has period 2, (a, A) 2 = (a + Aa, I2) = (ei, I2), and = cttj ■ Let 
r be the subgroup generated by ti and ti- Then it forms a lattice in R 2 and 
the quotient space T\R 2 is the 2-torus. It is easy to check that the subgroup 

n = (T, (a, A)) c R 2 x Aut(R 2 ) 

generated by the lattice T and the element (a, A) is discrete and torsion 
free. Furthermore, T is a normal subgroup of II of index 2. Thus II is an 
(almost) Bieberbach group, which is the Klein bottle group, and the quotient 
space LI\R 2 is the Klein bottle. Thus T\R 2 — > II\R 2 is a double covering 
projection. 

Let K : R 2 — > R 2 be the linear automorphism given by 



K 



-1 
2 



It is not difficult to check that K induces ipx '■ T\R 2 — > T\l 
2 — > II\R 2 so that the following diagram is commutative: 



and ^ k 



A 



r\R 2 



2 n \R 2 



Note that all the vertical maps are the natural covering maps. In particular, 
r\R 2 — > II\R 2 is a double covering by the holonomy group of II/T, which is 
$ = {I,A}^Z 2 . 

By Theorem 11.21 we have 



L(ttS-) = \ (det(/ - K n ) + det(J - AK n )) = 1 
N{^ n K ) = 2 n (l-(-l) n ). 
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In particular, R(^^) = 2 n+1 when n is odd; otherwise, R{^\) = oo. There- 
fore, the Reidemeister zeta function R-q, K (z) is not defined, and 



Lv K {z) = exp ^ 



2 1 + z 



_ z 2n-l 



2n - 1 / 1 - z ' 

Ny K (z) = exp ( 



\n=l 

o2n 

„2n-l 



In- 1 

\n=l 



-Z 



2 ^2n-l\ 1 + 2^ 



2n - 1 v ' ) l-2z 



Example 4.2. Consider Example 3.10 of [20] in which an infra-nilmanifold 
M modeled on the 3-dimensional Heisenberg group Nil has the holonomy 
group of order 2 generated by A and a self-map / on M is induced by the 
automorphism D : Nil — s> Nil given by 

1 x + y —z + \x 2 + xy 
1 x 
1 

Then with respect to the ordered (linear) basis for the Lie algebra of Nil 





1 


X 


2 




D : 





1 


y 












l 







"0 





1 







1 







"0 








ei = 











, e 2 = 











, e 3 = 








1 




































the differentials of A and D are 










0" 




"-1 





0" 


A* — 





-1 





, D* = 





1 


1 










-1 







1 






By Lemma ll,5[ we have 



Rdz) 



exp 




det(J - m) 



n 



exp 



E 

\n=l 



det(A„ - D%) 



n 



However in this example a simple computation shows that det(7 — D™) = 
— det(^4* — D™) < for all n. (Remark also that A* is a block diagonal 
matrix with lxl block I\ and 2x2 block — 7 2 . Further, D* is also a block 
diagonal matrix with lxl block D\ and 2x2 block D 2 . We have 

det(A* - D?) = det(7i - D") det(-7 2 - 7J>£) 
= det(7i - D?) det(7 2 + D%) 
= (1 -(-!)")(! + A?)(1 + AJ) 
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and, similarly, we have 

det(J - D") = det(/i - D[ l ) det(/ 2 - L>£) 
= (1 -(-1)»)(1 -A?)(1-AJ) 

where Aj = are the eigenvalues of Di- We can see that (1 + A™)(1 + 

A 2 ) + (1 — A™)(1 — A2) = for odd n. This proves our claim.) 
Consequently, we obtain a rational function 

=^ndet(/-AW) ( " 1),+ j . 



The self-maps on a flat manifold in the next example were considered in 
[2] as an illustration that the Nielsen zeta functions for infra-nilmanifolds 
are rational function. We compute these Nielsen zeta functions again using 
our own methods and we obtain the same rational functions! 

Example 4.3 ([2]). Consider a = (a, U) E M 3 x Aut(M 3 ) where 





' " 




"-1 





0" 


a = 





, u = 





-1 







V2. 










1 



Then a 2 = (a, U) 2 = (es,I). Then (ei, I), {&21 !)■> a generate a 3-dimensional 
Bieberbach group T with holonomy group = (U). 



[1) The linear map D : 



defined by the matrix 



D 



4 2 
-1 1 
5 



induces a map / : r\M 3 -> r\R 3 . Note that D has eigenvalues 2,3 and 5. 
Now we will evaluate Nf(z) using Lemma ll.5t 



N,{z) 



exp [J2 



det(7 - Z? n ) 



m=l 



n 



\ 



ex p E 



m=l 



det(^-D")| jn 
n 
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Observe that 

\det(U -D n ) \ = | det(-J 2 - det(Ii - D%)\ 
= |det(/ 2 + I>?)||det(Ji-£>5)| 
= (5™-l)det(/ 2 + ^r) 
= (5--l)^tr(/\>). 

i 

Consequently, we obtain 

^(f liet{u ; D " )l A 



n 



^E,tr(A^) (5zr _^E i tr(A-Pf) y 

\n=l n=l 

det(J - zA l£) i) 



. A det(/ - 5zA i£) i) 
1 - z 1 - 5z + 6z 2 1 - 6z 



l-5a! 1 - 25z + 150z 2 1 - 30z 

because f\D\ = 1, f\ D\ = Di, /\ 2 -Di = det(-Di) = 6. In a similar fashion, 
we compute 

exp is — ^ — ^ J 

= exp g |det(J 2 -Z3?)det(Ji-£>g)| ^ 



n 
\n=l 

/ det(J - zA £>i) \ 



det(J - SzftDx) J 
1 — z ( 1 — 5z + 6z 2 \ 1 1 — 6z 



l-5z \ 1 - 25z + 150z 2 J l-30z 
In all, we obtain that 

iv f (z) = R f (z) = ■ Iz^L, 

n ' /v ' 1-5* 1-302 
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(2) The linear map E : R 3 — > R 3 denned by the matrix 



E 



-2 8 
-1 4 




induces a map g : r\R 3 — >■ r\R 3 . Note that E has eigenvalues 0, 2 and —3. 
Observe that 



det{U - E n )\ = | det(-/ 2 - E%) det(h - E$ 
= | det(/ 2 + E™)\ \ det(/i — -D 2 ) 
= |l-(-3) n |det(/ 2 + E?) 

= (3"-(-lD^tr(/\^)- 



Consequently, we obtain 



Coo 
n=l 



det(U - E n ) 



n 



exp f (3"-(-inE,tr(A^) ^ 



' oo 



E 4 tr(AX 



exp ]T 

\n=l 

det(/ + zA^i) 



(3^)" - E 

71=1 



n 



det(J - 3zA^i' 
1 + z l + 2z 
l-3z ' l-6z 
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because /\°-^r = 1) A^i = Ei, P\E\ = det(£i) = 0. In a similar fashion, 
we compute 

det(/-^)| \ 



exp 



E 

\n=l 



n 



exp ( \det(I 2 -Ef)det(h-E^\ ^ 



' oo 



n 



exp | £ -(3" -(-ir)E,(-l)Hr(A^D c , 

\n=l ^ 

(det(/ 2 — Ei) < Vn) 

n / det(/-3zA^i) y" 1) ' 
YVdet(J + ^i) / 
l-3z /l-6z 



1 + 2 V 1 + 2z 
In all, we obtain that 



1 -I- 17 

NAz) = RAz) = ±2-fl. 



Example 4.4. Consider Example 3.5 of [22] in which an infra-nilmanifold 
M modeled on the 3-dimensional Heisenberg group Nil has the holonomy 
group of order 2 generated by A and a self-map / on M is induced by the 
automorphism D : Nil — > Nil given by 





1 


X 


z 




l 


— 4x — y 


z' 


D : 





1 


y 







1 


6x + 2y 










l 










1 



where z' = —2z — (12x 2 + lOxy + y 2 ). Then with respect to the ordered 
(linear) basis for the Lie algebra of Nil 











1 







1 
















ei = 











, e 2 = 











, e 3 = 








1 




































the differentials of A and D are 





1 





0" 




'-2 





-A* — 





-1 





, D, = 





-4 - 










-1 







6 



By Lemma ll,5[ we have 



exp ]T 



\n=l 



det(I-D-)\ zn 
n 



exp 1^2 



det(A* - D?) 



\n=l 



n 
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Remark that A* is a block diagonal matrix with lxl block I\ and 2 x 
block — J 2 . We have 

| det(A* -D?)\ = | det(/i - D?) det(-/ 2 - D%)\ 
= |det(/i -Z?i 1 )||det(I 2 + ^)| 
= |(l-(-2m(-irdet(/ 2 + J D 2 ") 

= (2"-(-l)")(-ir^tr(/\ i D 2 -). 

i 

Consequently, we obtain 

expff det '- 4 --°""^ 



n 

\n=l 



oo 



exp | ( 2n -(- 1 ) n )(- 1 )"E i tr(A'^) . n 



n 



y- Ejtr(A'P?) ( 2;) „ _ y- Ei M A' P 2 ) _„ 

n=l ^ 

det(/ - z/\ i D 2 ) 



n 1 — * n 

\n=l n=l 



det(J + 2z^D 2 ) 
1 - z l + 2z-2z 2 l + 2z 



l + 2z 1-Az-Sz 2 l-Az' 
In a similar fashion, we compute 

/^ |det(J-iff)| \ 

exp lS — ^ — 

= exp f f; ^(h-D^detjh-D^ ^ 



n 

\n=l 



I oo 

exp 



( 2 » _(_i r)( _ ir+ i ^ i (-l) i tr(A i £>F) 



n 

Vn=l 

det(J + 2zA^2) V 
v det(7 - zrfD 2 ) J 
l + 2z l + 2z-2z 2 1 - 4z 
1 - i ' 1 - 4z - 8z 2 ' l + 2i" 



n 



The last identity of the above computations follows from the definition 
A'-D 2 (cf. see |16|. Lemma 3.2]). Namely, we have 

/\°Z> 2 = 1, f\D 2 = D 2 , /^D 2 = det(D 2 ) = -2. 
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In all, we obtain that 

N f (z) 



l + 2z- 2z 2 
l-4z-8z 2 ' 
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